In future power systems, where more and more renewable energy sources will be installed, EMS (Energy Management System) which controls BESS (Battery Energy Storage System) plays an important role and its operation should be appropriately scheduled. It needs to be particularly carefully determined when and how the battery should be charged/discharged. This paper proposes a new optimization method for this issue in the extreme case when the study building needs to prepare for the pre-announced scheduled power outage. The proposed calculation scheme is based on so called calculus of variations. It gives us the optimal path setting when and how electric power should be charged to the battery so as to make it properly charged at the announced start time yet avoid overcharged. The objective function is the line loss, which enables us to save the energy as much as possible. The validity of the proposed calculation scheme is confirmed by numerical examples.  Index Terms-energy management system, battery, optimization, calculus of variations
I. INTRODUCTION
In a historical sense, optimization has been one of the most important technical elements in the field of electrical power system engineering. However, in most cases they are basically static method, in which no differential or difference equations are used, and consequently cannot take into account the effects of rate of change. In other words, such calculations do not treat the trend or time function of the studied quantity but do treat them as a set of points. It is difficult to study the rate of change (differentiation) or the total sum (integral) in such calculation.
However, in the study of battery system, situation is different and we need to consider the integral of the charged/discharged power because its energy capacity affects the performance and the initial installation cost. For this purpose we propose in this paper that the above stated issues can be solved by the use of Euler's equation, which in the field of calculus of variations describes the optimal time path (function) considering our appropriate constraints including the integral equation form.
In case of power shortage so called rolling blackout is sometimes executed, which cuts off several predetermined and pre-announced loads in turn. In number of countries nuclear power plants have been the base of Manuscript received September 4, 2014; revised April 28, 2015. electricity supply for many years, but this nuclear dependent electric power supply structure is now reevaluated in several countries particularly after Fukushima incident. Since Japan has relied on nuclear power for years, she experienced severe days in 2011. Base power shortage makes the necessity for the rolling blackout. It was called as Scheduled Power Outage and many companies, households, public authorities suffered the inconvenient life.
Many companies took a countermeasure by way of their own power generation but battery storage systems were also adopted. In case of another scheduled power outage, they need to charge their battery as much as possible before going into the blackout period. However, if this charging is done in careless way, the grid voltage will be deteriorated and unnecessary protection might be triggered. Too large charging power makes the charge current too big, which gives negative economic impact upon the load building owner. If we get information when and how power should be charged (emergency optimal battery charging) to realize the most economical operation, it will greatly assist each EMS controller.
II. RELATED EXISTING WORKS
Concerning the engineering application of the calculus of variations, the most well known example would be so called optimal control. Riccatti equation based solution is derived from the application of Euler's equation. Aside from the optimal control, Anderson proposed an optimization method for Helmholtz coils design using calculus of variations [1] . He optimized the resonance frequency while keeping the magnetic field intensity constant. He tested the obtained design compared to the experiment. Ling, et al. analyzed in the field of information system the relation between the optimum check-pointing frequency and failure rate via theory of calculus of variations and successfully obtained a closed form formula [2] . Wang optimized adiabatic switching in MOS circuit using Euler's equation [3] . Blanco, et al. proposed a new smoothing technique which is a combination of forward and backward filters, where they uses calculus of variation in the calculation for their forward filter [4] . Sorensen, et al. developed an active contour model using calculus of variations in the field of image processing [5] . Wang, et al. proposed a variation based shooting method to optimize variable time impulsive system based on calculus of variations [6] .
As far as the authors know, it is the first attempt to apply the calculus of variations to the field of emergency optimal battery charging. The authors have already applied similar calculation to the optimal battery sizing [7] paying special attention to the battery energy constraint. In this paper this method is further extended to cover all the situations considered.
III. PROPOSED METHOD

A. Emergency Battery Charging
As stated in the introductory section, this paper discusses "emergency optimal battery charging". For the purpose of explanation of this concept, we first describe the situation of the emergency battery charging. In the electric power shortage, advanced announcement of scheduled power outage is made several hours before. In Fig. 1 , this announcement is assumed to be made at the instant t=0 just in the middle along the full time axis. The full time axis in Fig. 1 spans approximately 12 hours from 3 am, and this announcement is done around 9am (the vertical dash-dot line). Since in this case the scheduled power outage is from 12 noon to 2 pm, in which the load demand LD takes the maximum, the battery should be charged to a certain level (usually high) to prepare the power cut. In Fig. 1 the battery charging path is described by a dashed up-going curve starting from approximately 25% charge to 100% charge. This battery charging is fed from the grid, which power is nothing but the curve PG, the long and thick gray line near the time axis.
B. Optimization
It is true that the necessary condition here is only to charge the battery up to the certain level needed for the secure off-grid operation, but we are free to take any charging path to this specified point. Since the stored energy is nothing but the integral of the charging power, power curve might take different forms. However, as can be easily seen, too intensive charging makes severe voltage depression and big line loss, which is inappropriate for the grid operation. This means that each time path selection (charging scenario) should be evaluated and better time path should be used from the viewpoint of the power system operation. In this paper, optimization of the time path is discussed using Euler's differential equation in the field of calculus of variations [8] .
This problem can be mathematically formulated as below.
(Objective Functional)
where 0 stands for the instant of decision (time of the announcement, see Fig. 1 ), and T is the time to go before the outage starts. The subscript i means the number counting all the distribution lines of interest. R i and i i are the resistance and the current of Line i.
(Constraints)
where P bat , SE T , and SE 0 stand for the active power charged into the battery, the stored energy (SE) at the instants of 0 and T, respectively. In this paper the effect of self-discharge is ignored since the time horizon is very short, leading to the simple (2). The value K in (2) is the required total charge before the scheduled power outage and will be varied to study its effect on the obtained optimal charging path. 
where λ j and μ stand for Lagrange multipliers. 
C. Numerical Scheme
The above stated equations can be numerically solved by dividing the time axis from now (t=0) to the starting point of the scheduled power outage (t=T). In case of K steps division in time axis and N variables, (K-1) x N equations are obtained, which are easily solved by a standard linear equation solver.
IV. NUMERICAL EXAMPLES
A. Study System
For the purpose of confirmation of the validity, numerical studies are done using the simple model system depicted in Fig. 2 . Since only one distribution line exists, our calculation is expected to give such a solution in which the grid power P G takes mostly constant value which is the necessary charging energy divided by T. The ratio R i /X i is 1.17, and R i =0.014[pu] (base capacity 5[kVA]) which comes from the assumption that this model system represents one household, which owns a small roof-top PV and a battery storage of a certain capacity.
B. Scenario
Two cases are studied. In both cases the time left before the power outage is four hours (T=4). In Case 1, PV output forecast gives the information that its output will likely to make a temporary depression around t=30 minutes. In order to cope with this situation, the power consumer is assumed to cut its demand load before the scheduled power outage. The start point of this demand cut is selected as a parameter and several cases are tested.
In Case 2, several K (the required total charge) is tested and compared. PV output does not have a temporary depression as in Case 1, consequently no demand cut.
C. Obtained Results
Some of the typical obtained waveforms are shown in the following figures. In Fig. 3 the two optimal charging paths are compared. The origin of the time axis t=0 coincides with the instant of the announcement (the instant of decision). The former is the case with no demand cut, whereas in the latter demand is completely cut 60 minutes before the scheduled power outage.
In both cases SE needs to charge 2kWh in 4 hours. A large depression is found in PV output around t=30 min. Since this disturbance is large the proposed method increases the grid power PG but the stored energy SE decreases during the depression. Since PV output exceeds PL (load demand) in the first half time zone (t<120 min), the battery is easy to charge (SE increases rather quickly). However in the latter half time zone (t>120 min), PL is bigger but PV output becomes smaller, which leads to the results that SE does not increase so rapidly as in the first half. Comparing these two, the former is the severer in the sense that bigger power is necessary from the grid due to the condition of no demand suppression. In both cases the grid power PG is comparatively flat, which coincides with the expectation.
In case of demand cut at 60 min before the outage, final battery charging is so strong (SE gives a steep increase) that PG (power fed from the grid) becomes very small compared to the other case. The magnitude of the demand cut is almost comparable to that of battery charging.
In Case 2, the stored energy SE is different. In the latter the required energy is bigger than in the former case, and the obtained grid power PG is bigger. As shown in Fig. 4 , no depression in PV output is observed and no steep changes exist. Comparing the two results, the former case requires bigger battery charging. Therefore PG is bigger than in the latter case. In both results the waveform of PG is almost flat since no big disturbance as in Case 1 exists. (i) No demand cut.
(ii) Demand cut at 60 min before the power outage. 
V. CONCLUSIONS AND FUTURE WORKS
A new calculation method for the emergency optimal battery charging is proposed and its validity is confirmed by numerical examples. However there remains a problem to overcome. The biggest drawback of the proposed method might be the existence of the selfdischarge of the battery. Batteries lose its charge gradually even when no external load is connected, which makes the equation in this method different such as
where α is a positive coefficient representing the rate of the self-discharge. It is not difficult to take into account this effect in the proposed method. We have only to change the unknowns Pbat to SE. Equation (2) is replaced by the additional boundary conditions at t=0 and t=T. Since the proposed method has a wide variety of applicability, which comes from its usability of any constraint, it is easily expected that most of the mathematical models can be considered in the proposed method. Experimental verification is now going. It is expected that its results will be reported very soon.
